Abstract. Denote by P,,(x) the Legendre polynomial of degree n and let I_ I,,,...,,k: P,,(x)...P,,k(x)dx. I,,,...,n is written as a sum involving binomial coefficients and the sum is interpreted via a combinatorial model. This makes possible a combinatorial proof of a number of general theorems concerning I,,,...,,k, not all of which seem analytically straightforward, including a direct combinatorial derivation of the known formula for Ia,b, and the expression of Ia,b,c,d as a simple finite sum. In addition, a number of apparently new combinatorial identities are obtained.
1. Introduction. We will be concerned with the Legendre polynomials, defined by P,(x)=2-" Y (-1)(n)(2n-2a)x "-2'
(-l<=x=<l;n=0,1,2,...), 2 O which may be written in the equivalent form [4, p. where n, n are nonnegative integers. We will express I, ., ..,, as a sum involving binomial coefficients and use a combinatorial interpretation of this sum to derive a number of analytical and combinatorial results.
To simplify notation, write (n, , n) and a (a, , a). It is convenient to write x 2y-in (1) to obtain y (-- We recall that any veex is characterized by a pair of natural numbers (i, j) where is the number of the type to which it belongs and j (1 j n) is its serial number in that type. If two points P, P' are characterized by (i, j), (i',j'), respectively, then P is said to be of lower rank than P' if either i<i' or i=t, j<j'. Now let P be the set of systems containing at least one pure edge. Given any system in P, select from among the pure edges the one beginning at the point of lowest rank and change its color. This leaves the balance condition (*) satisfied but produces a new system of opposite parity, so that the two systems together give a canceling contribution to Hv(T). Since this process defines a (1, 1) parity-changing map from P to itself, H ,(P)= 0. Writing TP U, say, this is equivalent to n.(r) =n.(u); thus, we may disregard P and count only the contribution of systems in U to Hv(T). Now consider any graph belonging to U. Take the lowest ranking veex and call it X. Since there is exactly one edge staing at each veex, there will be a uniquely defined cycle of the form (6) Xx'x...x -'x(=x).
Since there are no pure edges it follows that P2 and that each edge X X + is mixed. If this cycle does not cover the entire graph, let yO be the lowest ranking veex not lying on it. As before, we define a cycle (7) yO -> y -> -> y q -> y q yO and continue until the entire graph has been covered in this way.
Consider any such cycle, e.g., (6). It can be divided up into segments each of which begins and ends with vertices of the same type as X. For example, if the cycle (6) were (1, 1) (2, 5) (3, 7) (1, 6)->(2, 4)-->(7, 1)--> (4, 3)--> (1, 2) (2, 1) (1, 1), we should have the segments
We can thus describe the graph structure by a set of segments, which we may order by the ranks of their initial vertices. A segment will be called odd or even according to the parity of the number of edges which compose it. Now let V be the set of graphs whose structures contain at least one odd segment. Suppose such a graph, G (say), contains the segment
where r is odd, and suppose, moreover, that (8) is the lowest ranking such odd segment in this graph. We change the graph, and its coloring, according to the following rules" (a) Change the connecting edges of (8) to produce the segment
(b) Color these new edges so that the ith edge of (9) (1 <-i-< r) has the opposite color to that of the (r+ 1 i)th edge of (8).
Call the new system, with its coloring, G'. It is easily verified that G' also satisfies the rule (* 3. Application to the case k =3. We now apply these considerations to the particular case k=3, writing _n=(a, b, c). Since the product Pa(x)Pb(x)Pc(x) is a polynomial of parity equal to that of a + b + c, its integral will be zero for odd a + b + c. We therefore limit the discussion to a + b + c 2s, where s is an integer. Moreover it follows from the orthogonality of the polynomials that the integral will vanish unless s ->_ max (a, b, c). We proceed to study the integral under these assumptions. Let Hence, and L,,,,,,,
Po(x)P,,(x)P(x)P,,( 
